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Power Losses in Steel Pipe Delivering Very Large
Currents
Bruce C. W. McGee and Fred E. Vermeulen, Members IEEE
Abstract— This paper presents a Finite Difference Time Domain solution for the electromagnetic
fields in ferromagnetic conducting steel pipes of the
type used to deliver large currents for in-situ heating of heavy oil reservoirs and for in-situ environmental decontamination. A method is described
whereby a single measured hysteresis loop can be
used to deduce the family of hysteresis loops that
governs the variable magnetic behaviour throughout the pipe wall. Hysteresis and eddy current
losses are calculated and it is shown that hysteresis
effects greatly alter the eddy current distribution
and can more than triple the total power losses in
the steel pipe when compared to the power losses
that would be present if hysteresis effects are ignored and magnetic permeability is assumed constant.

losses must account for eddy current and hysteresis losses.

Index Terms— Time dependent magnetic fields,
Finite Difference Time Domain methods, Hysteresis modelling, Hysteresis nonlinearities, Eddy currents, Losses.

I. Introduction
In-situ electrical heating has been shown to
more than double production rates from heavy
oil reservoirs and to significantly accelerate vapor phase extraction processes for decontamination of hydrocarbon polluted sites [1], [2]. These
processes involve the delivery of currents of several hundred amperes for periods of many months
through steel pipes that comprise the vertical and
horizontal wells and lead to electrodes from where
the current is conducted into the formation [3], [4].
The ability to predict power losses in these pipes
is required so that their current carrying capacity
may be determined, to design pipe cooling sys- Fig. 1. Top and side views of the piping configuration
for power delivery. The tubing current It flows downtems when required, and to predict the efficiency
ward in the negative z-direction. The magnetic field
with which electrical power is delivered to the forstrengths Hφ are given at all interior and exterior steel
mation and converted to heat. The steel piping
surfaces, and the directions and amplitudes of current
is ferromagnetic and determination of total power
densities are indicated.
An analytic treatment of eddy current losses in
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steel piping of constant magnetic permeability has
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hysteresis is present the analytic determination of
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losses is not possible due to the very non-linear
~
relationship between the magnetic induction B
~
and the magnetic field strength H. In this paper the Finite Difference Time Domain (FDTD)
numerical method is used to solve the applicable
Maxwell’s equations. This method is able to deal
with the transitory response of the magnetization
process and account for the fact that the steady
state magnetization of the steel pipe is highly dependent on the history of magnetization starting
from initial conditions.
The numerical approach in this paper partially
parallels that of Zakrzewski and Pietras [6]. The
significant difference, in addition to solving a
cylindrical rather than a planar problem, is that
our method of geometrically constructing a family
of hysteresis loops uses only a single experimentally measured hysteresis loop and the peak magnetization curve, rather than requiring extrapolation between data points of several experimentally
derived hysteresis loops. Also, the electric field
strength in the interior of the material is calculated using the integral form of Maxwell’s equations rather than the point form.
Figure 1 shows the piping configuration in the
vertical part of a basic oil wellbore equipped for
electrical heating. Oil flows to the surface in the
region interior to the tubing, and the current is
delivered in the steel of the tubing to the oil reservoir. For the problem analysed here the casing is
ungrounded and electrically isolated from the tubing. Current flow in the tubing induces a circulating current in the casing. At the interior surface
of the casing the induced current flows in a direction opposite to that of the current in the tubing.
The induced return current flows in the opposite
direction at the casing exterior.
In this paper the eddy current and hysteresis
losses are analysed in the casing. The solution
method that is presented is, however, equally valid
for the analysis of losses in the tubing.
Figure 1 shows directions and amplitudes of current flow in tubing and casing and the magnetic
field strengths Hφ , derived from Ampere’s law, are
given for all tubing and casing surfaces.
Figure 2 shows the magnetic and electric field
~
strengths Ez and Hφ , and the Poynting vectors S
for an element of casing. The interior and exterior
surfaces of the casing are located at radii rci and

2

rcw , respectively. For simplicity, in the work that
follows, rci and rcw are replaced by ri and rw .
With reference to Figure 2, the following assumptions are made:
1. The pipe is long enough so that end effects can
be neglected, and the frequency of the excitation
is sufficiently low that wavelength effects are negligible. It follows that there is no variation of any
field quantity along the axial direction z.
2. The tubing current has cylindrical symmetry,
and, for the purpose of calculating the induced
current in the casing, is replaced by a line current
It on the axis of the casing ar r = 0. It follows
that the field solution is independent of φ.

Fig. 2. The electromagnetic problem in the casing. Shown
are the electric and magnetic field strengths, Ez and
~
Hφ , and the Poynting vetor S.

Within the steel the only components of electric
and magnetic field strengths are Ez and Hφ , and
both of these vary in amplitude and phase in the
~ are diradial direction. The Poynting vectors S
rected into the casing at both interior and exterior
surfaces.
Once solutions for Ez and Hφ have been ob-
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tained, their values at the interior and exterior
casing surfaces can be used to calculate the total
power losses in the casing using Poynting’s theorem. The relative contributions to these losses by
eddy currents and hysteresis losses must be obtained by integrating local values of these losses
throughout the volume of the casing.
II. Finite Difference Time Domain
Solution

3

~ = σE
~
∇×H

(6)

Equation 6 is expanded as



1 ∂ Hz ∂ Hφ
−
~ar +
r ∂φ
∂z


∂ Hr ∂ Hz
−
~aφ +
∂z
∂r


1 ∂ (rHφ ) ∂ Hr
~ (7)
−
~az = σ E
r
∂r
∂φ

A partial differential equation in terms of Hφ (r)
is derived from Maxwell’s equations. Finite differencing techniques are applied to the derivatives
appearing in this equation, and the non-linear reSince the only field components present are Hφ
lationship between B and H is defined using hys- and Ez , and these are independent of φ, Equation
teresis loops. Boundary conditions are invoked 7 becomes
and the solution for the magnetic field strength is
1 ∂ (r Hφ )
obtained. Then, using Ampere’s law, the electric
= σEz
(8)
r ∂r
field strength is derived from the magnetic field
strength.
Similarly, Equation 5 reduces to
A. Partial differential equation for the magnetic
field strength
Maxwell’s equations are
~ ~
~ = − ∂ B(H)
∇×E
∂t
~
~ = ε∂ E + σ E
~
∇×H
∂t

(1)

(2)

(3)

Now define
µ(H) ≡

d B(H)
dH

(9)

From Equations 8 and 9 it follows that,

The scalar equivalent of the partial derivative
on the R.H.S. of Equation 1 can be written as
∂ B(H)
d B(H) ∂ H
=
∂t
dH ∂ t

∂ Hφ
∂ Ez
= µ(Hφ )
∂r
∂t

(4)

∂Hφ
∂ 2 Hφ 1 ∂ Hφ Hφ
+
− 2 = σµ(Hφ )
2
∂r
r ∂r
r
∂t

(10)

Equation 10 is a diffusion type equation and
describes the distribution of the magnetic field
strength in the steel pipe. Equation 10 is discretized and numerically solved. Specification of
the magnetic field strengths at the boundaries determines whether the solution is for the tubing or
ungrounded casing. Appropriate boundary conditions are shown in Figure 1.
Once the magnetic field strength Hφ has been
determined, Ampere’s law
I
Z
~ · d~l = σ E
~ · d~S
H
(11)
C

S

and directly substitute Equations 3 and 4 into
is used to determine the electric field strength in
Equation 1.
At 60 Hz the magnitude of the conduction cur- the steel pipe.
rent is much greater than the magnitude of the
B. Numerical Solution for Hφ and Ez
displacement current, and Equations 1 and 2 are
The independent variables of Equation 10 are
rewritten as
discretized and a solution for Hφ is found at a
~
~ = −µ(H)
~ ∂H
∇×E
(5) finite number of node points in space and at specific intervals in time. Figure 3 shows the solution
∂t
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Fig. 3. Grid system, consisting of node and grid points,
adopted for the finite difference time domain numerical
calculations.

space, which consists of the casing volume between
ri and rw . The node points, at which Hφ is calculated, are on the boundaries of the grid cells. The
grid points, at which Ez is calculated by use of
Ampere’s law, lie at the center of the grid cells.
The fully implicit Crank-Nicholson solution
method was chosen for which discretization of
Equation 10 leads to
n+1
n+1
ai Hi−1
+ (bi + 2dni ) Hin+1 + ci Hi+1
=
n
n
n
n
(12)
− ai Hi−1 + (2di − bi ) Hi − ci Hi+1

where the subscript φ has been deleted, superscripts denote time levels, and where the truncation error is O(∆t2 + ∆r2 ). Here
ai =
bi

=

1
1
−
2
∆r
2ri ∆r
1
2
− 2−
ri
∆r2
1
1
+
2
∆r
2ri ∆r
n
σi µi
−
∆t
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properties of steel and a reasonable ∆r of 0.1 mm
this will require a time step of less than 0.1 µ sec
to ensure stability, which renders the technique
impractical.
The steady state solution for H depends on the
history of magnetization of the material, which
must be accounted for as Equation 12 is stepped
through time, starting from initial conditions
when H is set to zero and the initial value of magnetic permeability, µ1i , is set to the initial value
of magnetic permeability for the material at every node point. The matrix of coefficients representing the tridiagonal system of equations arising
from Equation 12 is therefore continually recomputed as time advances, using the current value
of H at every node point of the problem domain
to update every local value µni . Each node point
experiences a different magnetization history, and,
once steady state is reached, is associated with a
different steady state hysteresis loop.
Discretization of Ampere’s law, Equation 11,
leads to the equation for the z-directed electric
field strength
n+1
Ei+1/2

n+1
2 Hi+1
Ri+1 − Hin+1 Ri

=
2
σ · Ri+1
− Ri2



1 ≤ i ≤ N − 1 (14)
The electric field strengths at the inner and
outer boundary node points are, respectively, obtained by linear extrapolation from the electric
field strengths at the nearest grid points.

(13) C. The magnetization process for the steel pipe
ci =
It is assumed that the steel pipe is initially demagnetized and that the initial conditions that
n
exist in every grid cell correspond to the oridi =
gin of Figure 4. As the magnetic field strength
In this solution method the magnetic field increases in time, magnetization initially follows
strength at every node point is obtained implicitly the peak magnetization curve. When the magfrom the magnetic field strength at the previous netic field strength has reached a maximum at the
time level. The method is unconditionally stable downer turn around point, defined numerically by
n+1
< Hin , demagnetization follows along the
for all values of ∆t and ∆r. The explicit solu- Hi
tion method, in which the magnetic field strength curve called the downer loop.
The magnetic field strength reaches a minimum
is obtained explicitly from the values at the previous time level, was also considered but deemed at the upper turn around point, defined numerin+1
unsuitable. The explicit scheme suffers from the cally by Hi > Hin . Remagnetization now occurs
ai
1
along the upper loop until the downer turn around
restriction that n < for stability. For typical
point is reached again, completing a single cycle
di
2
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Fig. 5. The magnetization of a grid cell during the transient period.
Fig. 4. Characteristics of the magnetization process within
a single grid cell of width ∆ri .

of magnetization. The magnetization process continues along downer and upper loops during each
cycle of the applied magnetic field strength.
Magnetization along the peak magnetization
curve only occurs once from the initial condition of
zero magnetization. During the transient period,
the two turn around points change location from
one cycle to the next, and, except for the initial
downer turn around point, do not lie on the peak
magnetization curve. As steady state is reached
the two turn around points locate on the peak
magnetization curve, and the downer and upper
loops become symmetrical.
The downer and upper loops shown in Figure 4
correspond to steady state. In Figure 5 the upper
and downer loops are traced for ten cycles during the transient period, and it is seen that steady
state is approached after approximately five cycles.

The distance factor approach requires a maximum hysteresis loop for the magnetic material
which is usually obtained experimentally. For the
Talukdar and Bailey approach the maximum hysteresis loop must extend to the magnetic saturation of the material. This condition is not necessary for the distance factor method presented in
this paper. Our only requirement is that the extremum of the maximum hysteresis loop be greater
than the maximum value of the applied magnetic
field strength for the problem being solved.

D. Distance factor method for constructing the
hysteresis loops
To determine the magnetization for each grid
cell by solution of Equation 10 requires a gen- Fig. 6. Method for constructing hysteresis loops used in
this paper. The very first turn around point lies on the
eral method for generating hysteresis loops. The
peak magnetization curve but subsequent turn around
method presented here is an extension of a method
points generally do not until steady state is reached.
developed by Talukdar and Bailey [7], who developed a scaling procedure using a distance factor.
With reference to Figure 6, our approach for
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constructing a hysteresis loop for an arbitrary
value of maximum applied magnetic field strength
is as follows:
1. The downer turn around point is defined by the
coordinate, (HT+ , BT+ ) and is located on the peak
magnetization curve. When the magnetic field
strength reaches the downer turn around point, determine the vertical distance from the maximum
downer loop to the downer turn around point,
+
− BT+ .
d1 = BD
2. Define a hypothetical upper turn around point
as the mirror image (HT− , BT− ) = (−HT+ , −BT+ ),
and which is also located on the peak magnetization curve. The vertical distance from the
peak magnetization curve to this second point is
−
− BT− . Now define a distance factor
d2 = BD

6

is an important experimental consideration since
magnetic saturation for oil-field steel tubulars typically occurs at very large magnetic field strengths
and practical values for the applied magnetic field
strength are much less than at saturation conditions. Since it is desirable to use a maximum
hysteresis loop that is close to the applied magnetic field strength to improve on the accuracy of
the electromagnetic field calculations, the distance
factor method presented in this paper was developed.

Figure 7 depicts the the process of magnetization within the steel casing at steady state conditions calculated using our distance factor method.
The magnetic field strengths and areas bounded
by the hysteresis loops decrease with increasing

depth. The steady state magnetization process in
d1 − d2
−
d(B) = d2 + +
(15) each grid block is described by a unique hysteresis
− B − BT
BT − BT
loop.
3. The constructed downer loop is now calculated
for decreasing magnetic field strength from
Bcd (H) = Bd (H) − d(B)

where Bcd (H) is the magnetic induction for the
constructed downer loop and Bd (H) is the magnetic induction corresponding to the maximum
downer loop.
4. When the actual upper turn around point is
reached, which, during the first few cycles of excitation is not located on the peak magnetization
curve at (HT− , BT− ), define a hypothetical downer
turn around point as the mirror image in the first
quadrant of the actual upper turn around point.
The constructed upper loop is now calculated for
increasing magnetic field strength using a new distance factor d(B) defined by an equation analogous to Equation 15.
It is noted that the method of Talukdar and
Bailey forces the constructed downer loop and
constructed upper loop to be symmetrical from
the onset, a condition normally associated with
steady state conditions. The method presented
here is not subject to this constraint and hence
the magnetization process through the transient
period can be modelled
An advantage of using the distance factor
method presented here, is that it is not necessary Fig. 7. Hysteresis loops at various distances from the interior surface of the casing calculated using our numerical
to obtain a maximum hysteresis loop that extends
model. The tubing current is 1,000 A RMS.
to the magnetic saturation of the material. This
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III. Power Losses in the Steel Pipe
A. Loss Calculations
The impact of hysteresis on the total power
losses in the steel pipe is determined and the relative contributions of hysteresis losses and eddy
current losses are obtained. An experimentally
measured hysteresis loop for a sample of typical oil
field production casing is used to generate the family of hysteresis loops required for the calculation
of the electromagnetic fields, using the distance
factor method. The analysis is for the ungrounded
casing in the vertical section of the wellbore. The
same analysis can be used to determine the losses
in the tubing by applying the appropriate boundary conditions for the magnetic field strength at
the inner and outer tubing surfaces, as stated in
Figure 1.
The total time average power dissipated in
unit length of casing is obtained by summing the
Poynting vector time average power flow into the
casing through its inner and outer surfaces, and is

7

A sample of these materials was sent to LDJ
Electronics, Inc. in Troy, Michigan, USA, for
hysteresigraph testing to obtain several maximum
hysteresis loops for use in constructing general
hysteresis loops using the distance factor method.
Figure 8 shows several measured hysteresis loops.
Small adjustments to the experimental data are
required to ensure that the upper maximum loop
and downer maximum loop are symmetrical about
the origin, that the ends of these loops coincide
with the peak magnetization curve, and that the
peak magnetization curve passes through the origin and is also symmetrical.

Z
2πri T
P =−
Ez (ri , t) Hφ (ri , t) dt +
T
0
Z
2πrw T
Ez (rw , t) Hφ (rw , t) dt (16)
T
0
Fig. 8. Hysteresis data for the 7” casing obtained using a
hysteresigraph test from LDJ Electronics Inc.

Hysteresis losses per unit length are

Ph =

2π
T

Z

rw

I

Bφ (T )

Hφ (r, Bφ ) dBφ r dr
ri

(17)

Bφ (0)

and the eddy current losses per unit length are
Z Z
2π rw T
Pec =
σ Ez2 (r, t) r dr dt
(18)
T ri 0
Ph and Pc must sum to the total power dissipated,
P.
B. Magnetic properties of the casing and tubing
Casing and tubing of pipe type K-55, which is
commonly used in oil field operations, was obtained from Texaco Canada Petroleum Inc. The
casing, for which power loss calculations are presented, has radii ri = 83.2mm and rw = 89.3mm,
and is commonly referred to as 7” casing.

The experimental data was also filtered to ensure that the magnetic induction is monotonically
increasing for the upper loop and monotonically
decreasing for the downer loop. Without filtering
negative or zero values for µr may be encountered
during numerical calculations as shown in Figure
9. Figure 9 shows the relative permeability µr
derived by numerical evaluation of the slopes of
the experimental 1,000 A/m hysteresis loop. This
data was arbitrarily curve fit using a cubic spline
method to generate the filtered data, also shown in
Figure 9. Several hysteresis loops for the 7” casing, constructed by the distance factor method,
are shown in Figure 10. The pipe properties and
runtime data for the power loss calculations are
shown in Table I. In this table the initial relative
permeability µro is the relative magnetic permeability measured on the magnetization curve for
small magnetic field strengths H.
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Data

Symbol

Value

Casing Properties
Inner radius
ri
Outer radius
rw
Initial relative permeability
µro
Electrical conductivity
σs
Run Time Data

83.2 mm
89.3 mm
269.0
7.3 ×106 S/m

Peak current

Varies, A

Peak magnetic field

Fig. 9. Comparison of the relative permeability µr calculated using raw data with filtered values of µr for one
complete traversal of the measured 1,000 A/m hysteresis loop.
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Frequency
Size of time step
Size of grid block
Number of grid nodes
Time steps per cycle

Ip
H(ri )
f
∆t
∆r
Nnodes
N

Varies, A/m
60.0 Hz
34.7 µsec
0.2 mm
31 - 61
480

TABLE I
Casing properties and runtime data for power
Loss calculations.

at µro = 269.0. The fields are severely distorted
when hysteresis is present. A different hysteresis
loop prevails at every radial location in the casing.

Fig. 10. Several constructed hysteresis loops for the casing
based on the LDJ Electronics Inc. tests and calculated
using the distance factor method. The 1,000 A/m
hysteresis loop is experimentally measured.

C. Impact of hysteresis on the distribution of the
EM-Fields and power losses in steel pipe
The effects of hysteresis on the distribution of
eddy currents and losses in the casing in the vertical section of the wellbore are analysed for a tubing
current of 500 A RMS, which produces magnetic
field amplitudes of 1,353 A/m and 1,260 A/m at
the interior and exterior surfaces, respectively.
Figures 11 and 12 compare the RMS values of
electric and magnetic field strengths in the 7” casing with and without hysteresis effects. For the
latter relative permeability is assumed constant

Fig. 11. The effect of hysteresis on the distribution of the
electric field strength for the 7” steel casing for the
case when the current in the centralized tubing is 500
A RMS at 60 Hz.

The redistribution of the electric field strength
towards the interior and exterior surfaces when
hysteresis is present results in an eddy current loss
that is more than twice as large as when no hysteresis is present. In addition, the magnitude of
the hysteresis loss is comparable to the eddy current loss in the pipe when hysteresis is not con-
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Data

9

Symbol

Value

Losses without Hysteresis
Poynting Power
P (ri )
46.6 W/m

Fig. 12. The effect of hysteresis on the distribution of the
magnetic field strength for the 7” casing for the case
when the current in the centralized tubing is 500 A
RMS at 60 Hz.

sidered. Thus, for this typical example, where the
current in the centralized tubing is 500 A RMS
the overall impact of hysteresis is to increase the
total power losses approximately three fold.
As shown in Figure 11, hysteresis forces the current to flow very near the surfaces. The skin depth
δ for the cylindrical 7” casing, with no hysteresis,
is estimated from Figures 11 and 12 as 1.53 mm.
The skin depth when hysteresis is present is approximately 0.54 mm.
The power losses are summarized in Table II.
The data shows that the presence of hysteresis
causes a very large increase in power losses and
that its effects cannot be overlooked in the design
of the power delivery system for electrical heating
in oil field or environmental applications.

P (rw )

44.2 W/m

Total Power Losses

P

90.8 W/m

Eddy Current Loss
Hysteresis Loss

Pec
Ph

89.3 W/m
0.0 W/m

% Hysteresis Loss

0.0

RMS Electric Field

Ez (ri )

127.5 mV /m

Strengths at surfaces
Skin Depth

Ez (rw )
δ

119.9 mV /m
1.53 mm

Losses with Hysteresis
Poynting Power
P (ri )
121.2 W/m
P (rw )

115.4 W/m

Total Power Losses

Pt

236.6 W/m

Eddy Current Loss
Hysteresis Loss

Pec
Ph

155.4 W/m
77.0 W/m

% Hysteresis Loss

33.1

RMS Electric Field

Ez (ri )

257.7 mV /m

Strengths at surfaces
Skin Depth

Ez (rw )
δ

245.5 mV /m
0.54 mm

TABLE II
Losses in the 7” casing when the current in the
tubing is 500 A RMS at 60 Hz.

D. Hysteresis and eddy current losses as a function from hysteresis losses at higher tubing curtion of the current conducted in the centralized
rents is due to the fact that the area enclosed by
tubing
each hysteresis loop increases rather slowly as the
The current in the tubing was varied between peak magnetic field strength increases beyond a
40 and 1,000 A RM S to evaluate hysteresis, eddy certain value. As a result the increase in eddy
current, and total power losses as a function of current losses, which depends on the square of the
increasing magnetic field strength in the casing. current, dominates at higher currents.
Figure 13 shows the losses as a function of current
In addition to numerically computed losses Figmagnitude in the tubing. It is evident that the ure 13 also shows losses obtained experimentally.
relative importance of hysteresis does not always A four meter long section of the 7” type K-55 casincrease with an increase in the current carried in ing described in Table I was mounted in the labthe tubing. Indeed, in this example the largest oratory. A five meter long type K-55 section of
relative contribution of the hysteresis losses to the tubing of inside and outside radii of 38.1 and 44.3
total power losses occurs at a much lower mag- mm, respectively, was centered within the casing.
netic field strength than the saturation magnetic The entire apparatus was thermally insulated and
field strength. The diminishing relative contribu- the temperatures of casing and tubing were mon-
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itored with thermocouples. Uniform circumferential cable contact was made at both ends of the
tubing so that current would uniformly enter and
exit. Tubing current was supplied from a variable
voltage transformer connected to a water-cooled
high current transformer. Power dissipated in the
ungrounded casing by induced circulating currents
was calculated from the measured initial time rate
of change of casing temperature, and the known
casing heat capacity, 3.7 · 106 J/m3 ◦ C, at tubing
currents ranging from 150 to 900 A RM S. As seen
from Figure 13, the numerically computed values
and measured values are in close agreement. A full
description of the experiment is given elsewhere
[3].
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that hysteresis losses can account for up to 25 %
of the total losses at relatively small current levels
of 250 A RMS. At current levels between 250 and
400 A RMS hysteresis losses can account for as
much as 30 % of the total losses. Also, hysteresis effects will cause a re-distribution of current in
the casing which increases eddy current losses and
can result in total delivery losses that are three
times greater than if hysteresis were not present
and with relative magnetic permeability assumed
constant at its initial value µro . Numerically computed values of total power delivery losses are in
close agreement with measured values.
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